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The blocking number of an affine space

by

A.E. Brouwer & A. Schrijver

ABSTRACT
It is proved that the minimum cardinality of a subset of AG(k,n) which

intersects all hyperplanes is k(n-1) + l. In case k = 2 this settles a

conjecture of J. Doyen.
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J. DOYEN 1] proved that the minimum cardinality of a subset of PG(2,n)
intersecting all lines equals n + I, where this minimum is attained only if
such a subset is a line. He also showed that in each affine plane AG(2,n)
there is a subset of cardinality 2n - 1, intersecting all lines (by taking
e.g. the union of two intersecting lines) and that for some small values of
n there are no such subsets with fewer points. He conjectured that for all
values of n there is no subset of AG(2,n), intersecting all lines and with

fewer than 2n - 1 points. This is shown by the following theorem.

THEOREM. Let AG(k,n) be the k-dimensional affine space over GF(n). Then the
minimum cardinality of a subset of AG(k,n) which intersects all hyperplanes
Zs k(n-1) + 1.

(Note that we do not have any results on non-Desarguesian affine planes.)

PROOF. Let n be a prime-power and let AG(k,n) be the k-dimensional affine
space over GF(n). We first observe that there is always a subset of cardin-
ality k(n-1) + 1 intersecting all hyperplanes. For the union of k independent
lines through one given point intersects all hyperplanes and has cardinality
k(n-1) + 1. Secondly suppose A c AG(k,n) intersects all hyperplanes. We may
suppose that 0 = (0, ..., 0) € A; let B = A\{O}. Then B intersects all hyper-—

planes not through 0. A hyperplane not through 0 is determined by an equation
WX + ... +wx =1,

for some w in GF(n), not all zero.
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Hence for all (w], ey wk) # 0 there exists a b

(b cees bk) in B such

]’

that wlb] + ...+ wkbk = 1. Therefore, if we let

F(xp, covn x ) = T (byx 4 .o0 4 bx - 1D,
EeB

then F(w], N wk) = 0 for all k-tuples (w], cees wk) # 0.

Now a well-known theorem says that if P(x], cees xk) is a polynomial

which only assumes the value zero then P(x], cees Xk) € (x?—x], caey XE—xk),
that is, there are polynomials Pi(x!, cens Xk) (for i = 1, ..., k) such that
P(x,,... ) =P, (x .. sX )(xn—x ) I L+ P(x, ... ,X )(xn~x )
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Now let
= n.— n__
F(xl,...,xk) Fl(xl,--.,xk)(x1 x])ﬁ-....uka(xl,...,xk)(xk xk)-rJ(xl,...,xk),

such that the highest degree of X in J(x],...,xk) is at most n-1 (ls<i<k).
Since for each i =1, ..., k the polynomial XiF(xl""’xk) only assumes the
value zero, also for each i = 1, ..., k the polynomial XiJ(xl""’xk) only
assumes the value zero. Applying the above-mentioned theorem and using the
fact that the highest degree of each X; in J(x],...,xk) is at most n-1, it
follows that for each i =1, ..., k:

n-1

(xi -1) | J(xl,...,xk),

or

)8}

k -1
Sl(xi -1) | J(x],...,xk).

1

Since F(0,...,0) # O and hence J(0,...,0) # 0, it follows that the
degree of J(Xl’ ceas xk) is k(n-1). This implies that the degree of

F(x ,xk) is at least k(n-1). Now, by definition, the degree of F(Xl""’xk)

TERE
equals |B|. Hence |B| 2 k(n-1) and |A] = k(n-1) + 1, proving the theorem. [J.
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